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ANALYTIGAL BTUDY OF TRANSMISSION OF LOAD FROM SKIN
TO STIFFENERS AND RINGS .OF PRESSURIZED GABIN Sf[‘RIJ’OTURE"I

By Theodore Hsueh-Huang Plan
R SUMMARY

The general problem of this paper is the deformation
and the stress analysis of -a pressurized cabin structaure,
cansisting of sheet metal skin, longitudinal stringers, and -
a finlte number of rings which are equally spaced between
two end bulkheads. The ninimum potential energy method 1is
used. The deformations are calculated by solving the simul-
taneous difference equations, involving three deformation
parameters - radial expansion of rings, quilting of stringers,
and transverse elongation of skin. The tensile stresses of
the rings and the stringers, and the longitudinal and the ..
circumferential stresses of the skin are determined from the
deformations, A few special cases from the general problem ’
are also considered. . St R

The results obtained during tests of pressurized cabin
structures by ‘both the Lookheed Aircraft Corporation and the
Consolidated~Vultee Aircraft Corporation yield reasonable .
checks with the results from the theoretical analysie,

INTRQDUCTION

The requirements of comfort during a high altisude
bombing mission, and 1in the vommercial passenger airplane,
caell for g new design trend of airplane structure, the pres-
surlzed cabin structure. T : e C

—— oo

*Theeis submitted ih partial fulfillment of the require-
ments for the degree of Master of Science from Massachusetis
Institute of Technology, 1944,
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A series of laboratdry investigations (reference 1)
were carried out at Wright Field during 1935 and 1936, on
pressure cabins, the results of which formed the basis of
the specifications of the firs%t practical substratosphere
airplane, the Air Corps Model (Lockheed) X0-35, The results
show also that the simplest and lightest type of structure
is a round eylindrical vesssl with hemispherlical heads, and
that the present standard design of semimonocoque sonstruc-
tion of fuselage 1s-quite suitable. The first passenger
airplane with pressurized cabin, the Boeing 307-B "Strato-
liner" (referenae 2)¢ ks -0f .the same type of all-metal
structure as the Lockheed, circular in section, with alumi-
num~-a2lloy rings, partition bulkheads, longitudinal stiff-
eners, and smooth skin aleclad covering. Following the same
design trend, Boeing B-29 "Superfortress" also has a fuse-
1ageéffrfircular ssction for holding pressure.

: 3 PR ot e

Tehts'bf’prsssurized cabin structures were xq;kpd out
'iﬁ’tﬁe‘ﬂu&%iss=Wright Corporation, §t. Louis AirpLa Divi-
sfor’ "(réference 3), the Lockheed Afrcraft Corporation (nef«
ererces 4 and 5), and the Consolidated-Vultee A.ircraflts ‘Gor-

fporation (refsrsnce 6). The effects of the internal pnes-
:,.surs on the stresses and the strain of .the structure wz;e
‘ﬁspecially investigated in the Lockheed and the Gonsalidqﬁsd-
Vultee "i¥reraft Corporations. The results of some particular
test sectﬂons were represented by some plots. Some ampfqical
"‘formulas *Weré developed. However, there were no analytical
‘golutlong'for the general problem of the pressurized cabin
structure. e . -
: " Twé ‘¥nvestigations in this paper were made to obtain
“'more genéﬁdrized mathematical analyses of monochus strue-
ture subjeatéd:so internal-: pressuns,t,lt ks also assumed
that -the "Principle of superposition.oaxn. dbe applied, so that
the stress analysis of a structure with combined internal
pressure and external load oan be made without excessive
complication. .

The author wishes to take this opportunity to express
his appretiation to Prof. J., S. Newell for his valuadble sug-
gestlions and helpful encouragement during the preparation of
‘*this thesis, and also to0 express his gratitude to the:lLgpok-
heed Aircraft Corporation and the Consolidated-Vultes! 44 x-
eraft Oorporation for their interest in this work, and their
kind cooperation in supplying the test data. Dula
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NOTATIONS « o

R modulus of elas%icif&I - ) )

i Poisson's ratib T

P cabin internal pressure-. - .. - R

[ longltudinal spacing of - rings

8 number of stringers along circumference of fueelage
T radiuvas of fuselage

Al cross-sectional area of ring. )

It section moment of inertia of ring”

A cross-sectional area of stiffener : o
I section moment of inertia of stiffener

t thickness of skin

m total number of spaées between two heavy rings

Ox longitudinal stress

c, : cif;ﬁ;fgrantial stress of skin.. T i
€x longitudinal strain

€ circumferential strain of skin

X, Y, 2 rectangular coordinates, longitudinal, tangential
ond radial, respectively :

y radial displacement of eithef stiffeners or skin

n an integer betweeni 0. and n

uy radial displacémen; ;é the nth ring e )
v, radial displace;ent of skin (or stiffene;;) with B

respect t0 ring

v longitudinal displacement between the nth spacing
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M bYending moment

o nondimensional parameter (1/1 - u?)

K« ]

nondimensionsl parameter, ratio between ring and skin
area (A'/t1l)

nondimensional parameter (t/1)
nondimensional parameter (r/1)

nondimensional parameter (4ﬂsI/l)

< © o D

nondimensional parameter, ratio between stringer and skin
area, (sA/2nrt) :

<

nondimensional parameter (p/B®) ' : '
operator for solving differential equation -

Parzmeter in the solution of differential equation

> )

parameter defined by equation (55)
STATEMENT OF PROBLEM

The simplest type of presgurized cabin structure is a .
cylindrical shell with hemispherical heads, as shown in fig-
ure 1. This fuselage is divided longitudinally into many,
gimilar sections, each one of which c0qsists primarily of:

1., Sheet-metal covering - the akin

2 LOngitudinal stiffening members f the stringers
3. Transverse atiffening eleménts - the lighter forming
rings. and the heavy partition bulkheads

The Present problem is limited to the stress analysis
of thig kind of gtructure ‘when subjected to.internal pres-
sure only. The analysis involves the determination of the
deformations and stresses of the skin, the stringer, and the
rings. .
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 SIMPLE ipTHOD' FOR CALEUZAHI%E s ' A?ERKGE%S@EES§ES'”?

o

: AT T SoaARCkdn niL o4l
e .t 3t \ e tine > - * R Ry
DRSO, _”* ‘Dyn $6’PRESSYHE e iioe el vTe 5 0tars
> ,";.‘.;: LA xn L a3l Fhns tengLiToL and T
Tt Rasala $B!‘nalh:1_ﬂ1'l i ir ,;q"? NS ?:;d.“1ﬁ11~ﬁ
= 1
A m%thod fOr galculatfgg the averag tfinser. frame ii
and skin stressés was ‘given in reference 4 P L
Y L IEP I S N _....,..i:'

In the case of a mogogoque fuselage the skin stresses

\P3

are given by the twb-equations’ v . ey
oY = rpfat~ : (1)
and )
Gg = rp/t (2)
where : -
T longitudinal stress, ©pounds per square ‘inch ;.
. IR . - '
Cs circumferentisl stress;_nounda.per square inch ,
'l - L 2 »
T radius ofIfuselage ainchas S - . - .
l— -%:--.; ‘:,‘} . ; -
P . pressurd di£ference between the inside and the outside
of the fuselage, pounds per square inch
LA A P B O O N L
t skin thickness. inches roisave- - . 7 % S PO

It might be assumed thqt gf :the.longitudinal stringers
and the circumferential rings were added to the monocogue
shell they would tgke as much sirees,as_ the skin. This
would mean that the averageQIOngitudinal dnd éircumferential
stresses would be given by

2
r®p , \
= L NI 1 4
“L(av) * TA¥ 2urt (3
[ L o - B 1)
and —_321—_ (2)
Clta. s 1 Cetav) I LI SR
. P P - e G L _
where -~ Y S I PRI S . RO . e VRN B S
s T HERW AL T S R I A Stow i L taem
A ‘cféssvéectfdngl tdréa ef stringef AL e -i? T e
0 wfrli’ nemeiqta e Uit o, BEAYN. L F i
s 'ﬁumWJf ‘of "stfinge¥d "dficurnd the . cireumference of fusérééd
Caf L
i frame spacing

A' <frame area

e Ir
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By. considering the:..faoct. ¥halt the aklin hegs stresses in
two directions, that is, by considering the effeet of Poisson's
ratio, there 1s actually . fouad- a difference between the stress
of the stringer and the longitudinal stress of the skin, or
between that of the frame and the circumferential stress of
the skin, Two formulas-were suggested -in,.jhe-article Just
mentioned (reference 4) for calculating the stresses of the
stringer and of the frame,

oA 1 LS} s

Ostringer = °L(av) = B9 (av)

(5)

9frame = Oo(av) = ¥ %9L(av) (6)

where
t Poisson's ratio

A series of tests on pressurized cabin structure were _
run in Lockheed Alrcraft Corporation., The results of the
tests are represented as the plots in figures 2 and 3. The
messured stringer stress 1s checked almost etgctly by using
equation (5), while the measured frame streés’ is lower than
the. oalculated value by using equsation (6), This shows that
the skin deflects more oiroumferentially than does ths frame.

The skin stresses can be calculated, from equilibrium
conditions, that is, by the equations

2nrt_0x =;PA- ostringer = nr?p

= rl_'p'_,,..

t1 op =:8Y. OFrranme

where

LR

Oy longitudinal skin §¥ress .. ' iwnd

Oy circumferential skin stress
The discussion which' follows 1s based on the assumption
that there is a certain amount of qullting between skin,
stringer, and the frame. Some generalized formulas for cal-
culating the deflections and stresses have been developed.
These are all dependent oh*ailatrge’ numbeér of vhabiables,  such
as, skin thickness, stringer area, stringer stiffness,
stringer spaclhglTfband’ hren ’ framer spaeiny,T4hd diameter of
fuselage.

T
PR T | - e P

1 RN T
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MATHEMATICAL ANALYSIS OF PRESSURIZED CABIN STRUCTURE

"t Method wof Approach - 0 v owell
g Lin e o A0 S TR I
-mhe analveie of the preeent problem is based on the
strain-ghergy: method, or in dther words, the principle that
the potential energy of a loaded elastic structure is mini-
mum whef etiuilidrium is reached.- In.applying this principle,
the fbllowwing procedure is followed.

The first step is to make a deformation assumption,
that i6,:t0 write a formula giving the deflection of each
part of the structure as a function of certain variables
which are often celled the deformation parameters.

The second step 1a to write the expression 0f the po-
tentlal energy of the structure as g function of the defor-
matlion parameters. - .ulo] . - IR { S S NN

The third_step 'is' to determine the change in potential
energy -dve 190.a.virtual displacement, that is, to differens. . -
tiate: the. expreeeion for potential energy of the struoturer.L-

with reepeot to- each deformation parameter. N TH S FUPIE
GF A i B T S ¥/ SR T S
:The fourth etep ie to determine the work done. bv the et
external 1pad during each virtual displacement. < unqhzlfh”f

rn

“The fifth etep is to write the equations of virtual .”'ﬂJ
work by eguaeting the internel and the external work deté®»i™ *~
mingd fron the previous steps and to solve for the deforme-
tionﬂpe?e?eters..
RS [T & - -, e . ¥

~oet The 148t step 18 to determine the stresses of each part -
of:thé structure based on the deformation already assumed,
The type and number of deformation parameters are flex-
ible depending upon the choice of the analyst. The solution
becomes more accurate as the number and suitabllity of the
parameters increase. However, the amount of computation in-
creases rapidly as more parameters are added, and therefore
it is desirable to place reliance on suitability rather than
number, Thus the method pays a premium for good Judgment.

Assumptions
The present analysis applies t0 & monocoque structure
having the following characteristics:



'_simplest function for representing the deflection of the
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1. Circular ‘erose séction without taper
2. Very thin skin taking no bending loads

3. Uniformly distributed stringers:aspaced closely
enough that the quilting of the skin.panels be-
tween them is very small and can be negleeted

4, Bqually spaced light rings between bulkheads, the
bulkheads being considered as rings of iInfinite
rigidity

5. Radlus of fuselage very large in comparisou with the
gize of the ring . .

6. Same material for skin, stringers, and rings

Deformation Assumption - Three Deformation Parameters

1. Expansion of ring.- Consider a certain section-of a

pressurized cabin structure between two main frames or bulk-
heads. Between these two end rigid rings there are (dil)
equally spaced light rings, each of which is attached to the
skin and 1s supposed to expand radlally with the skin due to
the air pressure. The radial expansion of the ring, 4r¥, is
ocoonsidered to be the first deformation parameter, and is
represented by wup. The subscript n 1indicates the order

of ring from the end, - 3

-

et 4‘ d
2. Longitudinal expansion of stringers‘oi "did betweon

two rings.~ The increase of the distance.“Ahh between two
rings due t0 pressure is considered to be. the second deforma-
. tlon parameter, and is represented by vy. The subscript =n

indicates the order of the span, the nth span being that be~
tween the (n~1)th ang the nth ring, :

"3, Quilting of’ striqger or skin between the rin 58. 3The

stringer 1s a trigonometric function, that is, the sine :
fungtion, the cosine funetion, or a c¢ombination of‘these
‘funotions. In the praotical construction, the stringers are
usually contlinuous through several spans, and are fixed to
the rings rigidly either by riveting or welding. It is,
thus, a proper assumption that the rings remain untwisted
“when -the pressure is gpplied, and that the slope. of the .
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deflection curve of the stringer with respect to the.refér-~
ence line is zero at the Jjunetlon point to the ring.

The deflection curve of the stringer can bé represented
by the following trigonometric -function, which satisfies the
above-mentioned end conditions, as its first derivative be-
comes 2zero at the ends of the span.

Uy =~ Upo e
¥p = Upoy * —5——5—5-—-<é - cos XX ( 22x> (7)

Here wp 1is the third deformation parameter, indicat-
ing the average quilting of the stringer between the rings.

The definitions of the deformation parameter can be
illustrated more clearly by flgure 4.

o

Strain Energy of Bending of Stringers
Ma
The general expression for the strain energy of bending
"is given by the equation' {(reference 7) :

e P S T ‘.- e ’ e .."f" S
coiTede . e utuag ﬁﬁ =, -"'L/n dx . - (8)

: =

where EI 1s the flexural rigidity of the stringer. The
?egond derivative of. y with respect to x . from equation
7) is 2 Ce T o T T

—— ¢cos + W ¢cos 2mx
dx® 2 12 ?
Substituting in equation (8) gives o
. 5o
Bl 'rr"‘“/p 1 2 X
Vo= 22T =~ (u, = uwp_q) os”~ —~ e
2 1%,/ & B n-=1 £

. Lrnuen - 'f
¢ T ~4 L.'-‘z-:;’po‘ ", h * 2 T -
nXx X 2 a oNX
+ 2wy (uy - uwpy) cos = co ot 16wy cos L ax
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It”gan be shown that

F B A L I Y S T
TR B meltessd o L
. .
FSEE B f - LR .
3 coga &_de = .J.:.

“ ~>.,"r far .. .
- A B - O ' 1
and

cosg 5%5 cos E%E-dx = 0

L.

Do s e

thdeQ?thé:eiﬂféééidh:fof strain energy becomes

R 2 2
Vo= 2 1% [; (up = upy)*% + 8 wy
or )
% 2
an®®1 [ 1 ® .
S——————————enn am—— - o+ P 9
v . e .[64 oy = vpoy) * oy ] DR

This eguation applies t0o only one stringer at a particular
.aeption. The total energy -of bending of stringers between
the two rigid rings 1's expressed as

oy At SEI [' §g (ay - uy_y)° + 5? "na] (10)
1® - 4

where

w
DAY
-~

noae

s e e

. ... . ~! .
g number of stringers around circumference

n number of spans between two rigid rings

s

Strain Energy. of Hlonggtion of ﬁgringera_ ;ﬁ "

The general expression for the strain energy of elonga-
tion 1s given by the equation (reference 7)

. - T S - Col
N o= == § e ' (11)
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where
A cross~sectional area of the bar
§ 1increase in length within afcéiéain_secéion of length

The elongation of the stringer hetween two rings 'is
equal to the difference between the length of the deflection
curve and the originsl length of the chord multiplled by a
factor representing the increase in distance between two
rings. As shown in figure 4 the elongation is

§ = {1 +f (as - dx)] (1 + _") (12_)

L
~

The difference between .the length of an element ds of
the curve and the corresponding element 'dx of .the chord is

equal to
/ 2 2
ds - dx = dx l+§§_’_ -dxzig'—y- dx
iax 2 \dx

Substituting'in“eqﬂetfon (lZ)“gife§

/ P e o

‘ doemen ' A N RN e -
From equation (7)
Uy = Uno ' Wpo
&y _ ¥n n-3 T . E§_+ n<m 2mx
dx 2 i ] [) [ ,
3 h i L > '3 . ok T
up - Upo wa Lo TR\, 4wpRwR 2nx
(e e (2
1 [ i [}
R R S0 - S A AL R - o C et
2" - un-l) wn sin 2?-31 Z:x‘”

t:f
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It can be shown that

1 ?
fes oy L n"x . 1
----3-L/n sin —— dx ' = =
ol .'.'o "
’ 1 -";J,..
and “ TR e -
R -
fsinazisineriu -0
o 1 1
3!
Hence,
ar\° a B /Uy < Upo,y + 2n® 3
-=). = — w .
axyt *F T 33 2 1 'n
and

2 /0, — Un_\2 a v
8 =|:E—i-(-£—2——g——l-> + T—;—wna:l [1 + -‘-q-] + ¥ trealt

By comparing the magnitude of the two terms of the preceding
! N ?'.___‘, oW B 10 - -1 a

equation it is obvious’ that —%— or <_£__7_2_€> ig of

very small order of v,, and 1t is sufficiently accurate to

agsunme B

§ = vy (13)
Thus the expression for strain energy becomes

v 2iE, 2 st - (14)
21

The total energy of elongation of stringers between the two
rigid rings 1s expressed ‘as '
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m

v = 242 Z vy 2 (15)

Strain Energy of Expansion of Skin

e .
“en -

The general expression for the strain energy for a
three—dimensional stress distribution is given by the equa-
tion (reference 8)

v =;LZ7Q% (ogey *+ Ogey + Ogye,

-I-Tfony + szfvxz + Tyz‘sz) d.xd.yd.z (16)

where ¢, €, T, and Y are the normal and shearing stress
and normal and shearing strain,

.-In_the present case, the problem of expansion of skin
cah be réduced to a two-dimensional one, by assuming that
the x- and z-directions coincide, respectively, with the
transverse and tangentiel directions along the skin, and
that the thickness ¢t of skin is so small that the varia- .
tion of it can be‘néglected. Having the assumption that the-
skin is expanding WRiforml§ and symmetrically along the cir--
cumference, it can be concluded alsoc that the membrane shear-
ing stresses T,, vanish. .Phe expression for the strain
energy is thus reduced to the FTolilowing simplified form

! 2nr )
v ='%b/? /ﬁ (ogex + Opcy) dxdsz (17)
o (¥ b . ’ . .

where is the radiuws of the fuselage.

“In the case of plane stress distributiou the relation
between stress and strain is given by the equations (refer-
ence 8): .
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€, = % (og - b a,)

x.
‘ (18)
€, = % (o, - b gg)
At e gL : .
where . W .18 FPolsspn's ratio.  Solving for o, and o,
glives ) R
€ + €
g = —E—-—E——-z—
x 2
1 el p . .-' _.:_ P ".
(19)

€, + €
g = o2 T B x4

1 - p®

Substituting in equation (17) gives

v = /ﬂh/ﬁ (6.3 + 2u € x€y * € z°) dxdz (20)
- (1 - B )

The strain €x. can be assumed constant’ throughout the span
through the same argument as in the previous section, " Thus

I .. cye

L . ¥ - L B

‘The strain €5 can be rexpressed in terms of the other two
deformation parameters.

B s

" . fa
M !

._[u + ‘_l.n_-..ll..r.!_:.!'.. l~ 08 T..E. + wn': l=.cos8 -z—E-x— (22)
n-1 2 1/ o\ W,

Substituting equations (21) and (22) in (20), and integrating
by noticing the fact that
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?
H 2t I BN AW A . ﬁ“::r e ¢ (XA note v
. o s ccs —=.dx = 0 e
'o 1
1 )
T rmx BITR. =0 s o )
cos 2 cos mIrx dx = O
[1 [1
e Ao P _O . ‘ ; ¢
and
A
x 1]
u/" cosg?® BME g5 = 2
2
leads to
u,_. +u, 1 /1
v = TE [Evne*'al-b v, n-3 n"’“’n + 2 'L‘un-;a"'}‘un-l
l-p.2 2 » \8 4
P U -5
hre e, A ans 2 R 2 A :
- T e g ta, g Ve Y Un W * Uae ‘.’n>.«.]. o (e8)

The total energy of expansien of skin between the two rigid

rings is expressed as ESEAN

m ul .l
u
IQEL-[é- Sj v,° + 2u 2: v, (B=—1L & w#).
L 3 sy, L8 ] B AL

¥V =
lep= |12

1 (3 2 1
+ - - Up.t + —up.y u
oy > g -b7 e n-i Un
3 3
* g un® + 3 ¥n® + un wp +.un-1-w;>.] : (24)
-t srdos t R
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Btrain Energy of Bxpansion of Rings

From the general expression for the straln energy of
elongation (equation (lfg) it can be shown that for the ex~
pansion of ring

A'E e
Ve e x oy (2 (7 oug) o 2w

where A' ig the cross-sectional area of the ring or

1
V.= I& E up? (25)

The total energy of expansion of rings between two rigid
rings is expressed as -

m
]
¥V = mA'E Z una N _(26)
L r : . . - -
oo - : G -0 '

Strain Hnergy of Bendling of Ring

The genersl expression for the strain energy -0f. . bending
is given in terms of the bending moment by the equation (ref-
erence 7)

. bt . - .
L ';".' ; . ' - v.- § M d.Z st R o . T - Y.
2 I [ - . H -2 ;ul) 1]
f E : ey maE T d (' ¢

13 ‘ . - —~ tiva K3

The bending moment for beams having circular central
axes 1s expressed by the equation (reference 9)

P

M 1 day'> |
L N . (28)
EI r3 ad,*

where
r radius of curvature
v radial expanslion of ring

¢, angle representing position of section
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For a uniformiy“é¥panded ring, the deflection. -y 1s constant
2ll around the circumference; that is, its second derivative
with rgspectft@“f¢1 ‘vanishes, Thus . .

-

BI
G M= -'-:r_i
B 2Ty
{ : V¥ = -——le' az

2r.

(v}

- nwEI (29)

rS

Ih pfactical cases, the depth of the ring i1s usually very
small, while the radius r of the fuselage 1s very large.
It can be shown in the actual example under the section
Analytical Solutions Applied to Actual Test Sections that
the value of J? is very small in comparison with the value
i T

of A/r. It is thus allowable to neglect the strain energy
of bending of ring in thes present dlscussion.

Expression for Total Strain Energy

The total Btrain energy between the two rigid frames is
expressed in terms of the deformation parameters as follows:

antaBI §% 5? AE O

T8 1 .. " 2 2 ‘8 :

V = =—2 o | = N ‘(u - Upo + w e v 3, -
) 1 1

n .
A\ VR + 1 N
[ Do § (g

1

m
l ) 8 2 8 2
Ly Z( Un-a "'Zun-q Un+tgup FF Wpttuy wptupl, Wy
1

A'R
L T Sﬁ L . - . . (30)
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Introduction of Nondimensional Parameters

€

In order to simplify the form of the general equationu
the following nondimensional psarameters are introduced:

el (31)
1-p?
'B - f% '. (32)
o % . | (33)
: °=3 | a0y
e - e e
L | (36)

gnrt S .

Substituting in ehﬁa%ibﬁﬁtéb).gives

.. M n
' v
VY = wrB [%1{§—_§;‘(un - Up.y)® * 2: Wn .+ pBV zz vna
. P o 1
. f 2 e 1 + u
. U
+ pa 16 3_‘ vna + 2B y Vn <_ B3 o, wn> :
A — &
I 1
" .
'y 3 2 2,04+ 8
t3 ) (Bt bt Bt e 2t g
1 .'.l ~
m

L ._137)

+
o
o]
=
=]
+
o]
n}
{
[
<
~_/
—’
-+
alg,
1
i
o
L w
| SR |

-4

fhange in Strain Energy Due to Small Deformation - -

The effects of the small changes of the deformation on
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the change in the strain energy are determined by differenti-
ating equation (37) separastely with respedét to the deforma-

tion parameters. Since the derivatives of }: (un - “n-1)3

with respect to w, vanish, 1t follows that

ov 1 1 3 1
— d-un = 2rmrE [pa. {5- (vn+ Vn+1) b — 26 (— “n--'.\"’ -2— un-l- Z un+1>

P

+ 5% (wn * o) } ]du (38)

u
KL vy = 2an[p 8w, + pa {evn+ v (——9'———5 + w ) } ]dvn (39)

+ e
-aldwn=2n'rE [-;-bw +pcc{|.w +—e- In :n-1+-w>}]dw (40)

Work Done by External Load

The work done duc to the i:ta:ral p1easure applie to
the end of the ¢ylindrical struciure may be eXpressed approx-
imately vy :

m
.U = nr® p }j Vn (41)
. " — _ .

where p 13 the pressure difference between the inside and
the outside oflthe qa§1n='

The v ork dcae Gue to the internal pregsure applied radi-
ally is expresced as e ' T

o«sd
o
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-
]
-

- o

. m . '
U = znr p Z f y w@x. .o i ., . s
" 1 ! . i -

p‘
1
3
|.n
4
) n
]
e
b
1
L
N\
[™]
s
o
-]
}:l
X
-

= 2nr p

-

(v

N uo um !
= 2nr 1 up + + 2 . (42)
? [Z 20 2 Z 5‘]
1
The work done by the external load during the additional -

variation may be expressed similarly by differentiation.
dU
-a—-——d.un=2'rrrpldun (43)
un .

-

(Bxcept for uw, and wup, which are taken to be zero in this
case) '

2V 4 vha = mr® p d v, (44)
vy,

—— a4 wp = 2ur p b 4 wy (45)
dwy
Genera; Zquations for Determining
the Deformation Parameters
Bquating the change in strain energy to the work done

by the external load during each additional variation re-
sults in '
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-~
’

By defining anoth

er nohdimenaioﬁal
and by Tearrangin

& the terms, ‘it 4

sra (& D ward

parameter vV .for bfﬁlfz
"8 fownd that '

+ Vn+1) +"-‘ (Wn“' Wn+;)'"— (47)
a® . ’
u(nn1+un)+29 @+L Tn BB wy = 25 (48)
"""" Pa
-J*(un_l-!-u)-l-epv + i-{-':i)w 22-{7_‘-,‘-..-'-,‘--(_49)
2 B B pa 12/ R 5

From equations (48) ena (49) 4

" A dnd
¥a cédnd Wy
terma of Up.

“ean be solved inm
1 and u,. Hence
foomirmycur T ';‘}ﬂ'_l:‘ 2o - ' T
o cor s oA B . ~nats

pre.
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% + % - 2#) %i - B g% + %) (zp-y + uy)

Vo = (80}

CDE D
(D)5 e (o) J e

2
Wy = (61)
SIGHICEHEN

For solving wu,, the simultaneous difference equations are
written in the following form (reference 10)

and

]

1 g 3> = 1 = Bp = = B+ R vr
S L E + = & + + B + o2 ——
[8 <q 4 8 J Un (2 ) va ¥n

B (1 +B) u, + 28 (3 + £>'§ Vo * 3 p B ow, = 2%
01

L ; L up + 6 p ] v, + g%-+ g> ) wy = vr (52)

where 2 1g an operator defined by the relation
-1
BE £ (x) =f (x+ n)

The solution of these equations is
vy = Ay AT+ A AR+ T (53)

where A, and A; are the arbitrary constants determined

from the boundary conditions, A, and A; are roots of the
equation ’
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- ' - Ca 2
1, E+§.>>\'+l>\3 BB s A3y AP N
@ 4 g . .2 T2

bo(1+ A) T 20 <%+ 1>>\fa;.¥..>\_ =0  (54)
'l_g_ﬁ o T OuA <__ + §

and u 1is the particular solution of the difference equa-
tion determined by substituting T = 1 in the preceding
simultaneous egquation (equation (52)).

BEquation (54) can be rsduced to the following simpli-

: fied form e o T e e g
. ) A - L R T D
'..a.'.‘ L . e e UL - .~
N, FEA+1 =0 e, om0 (es)
where
IR e s

e B
JCRD I GRS S

o) o

In general K, the coefficient of the A-term, is positive
and usually llies between 20 and 50, The solution of~this”
quadratic equation will be approximately

S Do D) (2 )] (0 ) me(ed)

SRR ;za)[ <“m>"'*]‘i”'a

and

—— —— e

Aokt - Pcz g}f(l"w)-u--l.p
TSR TE DT ¢ D D

57)
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The particular solution of wu, 1s ddtermined by solv-
ing the following simultaneous squations '

/ (E+1>ﬁ‘+9u?+?=p—5

a pa
2uﬁ'+29<ﬂ+ 1)3-'4- 2puw = X2 .(88)

a’ pm . .r....---.'
— ¢ ﬁ) - VUr
- TN, IJ: 1—1- + e v + — e = w = —-— .

T * po 2 Pry: ard at I L
R

S EI . Bﬁ'[ <l-+ £> ;ui-u]'[%ﬁ+';&]fﬁ"} ~edr
2 2 Y] [ AN Vo

B GRRCICRICRETRCE

_ The boundary conditions in the present case are that
fori w = O and n = m. The radial deflections’ of the ring
are. zero, Thus from equation (53) for wu, =0,

L

- cAf M A, + T =0 ok
or o S
L BT S Tan
for: ,:_ulin = O..-f.'.( vt . , ) . O ', -""_,
y m n o, "
or | Lm s T, .

Ay AR 4 Aa"xam, = -3 ; (v)

Solving foré-ﬂ;:'an& 'Ag * from equatiafis’ (a) and (b) gives

Aam T
A‘l B e ee———
. - 1 +A8
4 e - T £l . ," e - -*
k , - !
B T A -7 A T
Aa = e

1+ AR
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Substituting in equation (53).gives

ARy ARrT
un*"'a‘—"‘:i{“zm‘a z t U
1+ Ag 1+ Ap

Rearranging and substituting AN, by ha“? gives

up = ¥ ( : A (s0)

The other two deformatlion paremeters v, and w, can
be determined in turn by substituting the values of ‘u, and
Up., in equations (50) and (51)

i© . Stresses and Momepts ih.thb;S¥?g§tu&§ff”;.53;7 -
The stresses of the rings, the stringers, and the skin -
can all be determined by .kwpwing the .deformations, or in
other words, the strains of the structure. Tor example, the
strees in the ring can be written as '

ISR BN e e e e

Cframe = ® €frame, .- -
or un
Cframe = B o . . ter)

Similarly, the stress of the stringer is .equal to

et

t . .--5- .,._ -- . .. . S . 1 .' .. I .-_..”_._..___
M ui:ngstxdnggmaqF B eatringer : 3
.o ) R '".._._:.f 3,:. _,7—,"‘,.’-:'_ : e s B FEEICENRCT I __-__ . '-".
v R ’ L
= B —19- : (62)

s

- e -

The longitudinal. strpgm of £he skin may be written as
H . a [
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where ¥y 18 determined from equation (7).
tial stress of the skin may be written as

Sz ¥ B Sx

g, = b
2 1 - pt
h'a v
‘_’..-q-u,_ﬁ
r i
= aE
l - p

The bending moment of a bean
the deflection, The differential

NACA TN No, 993

(és)

The circumferen~

(64)

can be written in terms of
equation of the deflection

curve 1is
a2
Ma-38TI Z (65)
ax
The second derivative of y with respect to x 1is
i®y _uy - u,_, w3 nx 4m® 2mx
= —_ c —_— W 08 —~——
dx?® 2 18 %08 5 n 38 ¢ 1
Substituting in equation (65) gives
M=« 38 I (EE_:_EE:l Ei cos DX + vy 4n? cos 2nx> (66)
2 1 [ 12 )

It can be seen that the bending moment 1is
of the stringer where the ring Jjoins. At
rigid ring,

un_1

Un

maximum at the end
the end of the
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e DB D)
T e[ (&Y - -]

and ‘ )
> - u1 “a : 411.3 . . .. ’. ...‘_‘-
P o0 U Me -8 I AT 4 oy 4n° T
. ( 2 i3 P aE o .
E o ' ' . .
A I E’—----—- (uy + 8 wl) T o (87)

ST

Particular ?roplems

1. Pressurized Gahin with Infinitely Many Equal Spans.
A B
It igyo0bvious- that the &eformatiéns of: each panel of
the presst r129d cdbin structure with infinitely many equal
spane are identicael., In the general eguations,

i uﬁqi“ =. -un \# un+1 = WwHps §0.7 et

vy oo A Cisw P e s N
. 3334 L SR AN \t; PR PR ; I ; s
Yp ¥ Vap+1r =V o
. - Iy
w oo Lo ;;' .'ff 'f’%,’.'f.'i_ s - .‘:"..)’- ,' a '-; j'
(A~ 190 S N L n = wn_'_l = W L . ~‘ i f_‘j Fni%
and equatdons*{37); 1(35 ggand (29) becomg LT e
zuni T s Tum ) o h.LhTfESL - R
-G'JJ ir T o2 ."_ . . -,
.. L Eerwl U!‘l ‘.. o Ca
+ 1 'l;rr'hQuu#‘:wé-im-'. ghe i .
Pa
g Nt vUr

L

u+euv+ .2-+.g.>}\v=y_
e - pﬂ._’ =% . pm.

.o

These are the same equations as the simultaneous equations .
for solvin% the particular solution in the previous section’
(equation (48))., The solutions are

13
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[<1+*£ -5 ][e+§§]

DG e T D
- A A H R R AR R S

(D EREDED ] (D)

vr g 1+'£'_.1_;;
Cpa o a .2 J

NG {REI R R

It can be seen that equations (50) and-{(51) reduce to equa-
tions (70) and (71), respectively, by substituting up.,
= un = u'

II., Single Span Preassuriszed Gylinder with End Frames of
Infinite Rigidity.

This kind of structure will have only transversge, and,
radial expansion of skin, but no deférmation of the rings.
For this case the deformation parameter u in equation (68)
is zero, and hence the first equation in (58) vanishes., The
problem is thus reduced to the solution of the following

equatlon
25<i,+1>v+3uwsl’£.
o pa

. (72)
¢ 3 vy
Gp.v.+<‘—>;+-2->-w=;;

The‘sbwtfions are
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¢ + é_ = U-) TP S|

"""’f._,_e.,e[(*”-*l)'(f 3> "]'..

u(73)

EYI
PYFL I S

[ (f . i) - b ] ,ufif'.j . (74)
TEDED

L

-

e e o .

E1l.. Sipglke Span. ?reaaurized Oylinder ‘with Pixed End

o vy

Supportsm
This kind of .structure will have only radial expansion
of ekin between the. end. supports. In this. case only the de-

The solution of thia prob-

formation parameter. w appgars,
lem is ‘thus _based, on the eguation , )
’ RO . B S

® Lol

: (XN
'\..-‘! . 7 _"-"'-

IR T

yf(vs)

AN -1 2/ “pa
and is .. .- - uiee Aol Pt 5
st Eoan $Rac qoud 4

R al gt By 3&?3?%;?40 1?; .U P : ]
e £33 .7 dEEF it £;_:+“§ :‘¢ e 3 PG :
Pa 2 L ]
o rus o pnboooas ralad D e B A eor e ST i}
- ;.-'-';'.;.' --'\'I’ 2w ".‘ :.{:L S . "-‘E”--‘"-T';P_':_ TRy -:.-..I n ) : s _'-"i-—
. PN men st . .-‘_-..ndﬁ -)--:, . 1...;. -'"- e 1 IR
Caieemen wEsws QF Panssuazzmn QARIN. STRUowﬁiﬁ AT
T A Ry O S I s-Rad. - R ’.;
S *a - LQOKEEEH AIRGRAFEﬂOORPORAQION R
Bl ,....h AR -

A
Lockhga& &ircrqft Qarporabiom.made SE oOmplete invesﬁi-
gation of .a pressunized. tést .gectin. of .thé. Model 49 fwee- '

o;lowing provlems were istudied i this telt.
H "‘l:!§.’-’ 2t v

.
lage. The £
I T ED e frwe oeratlostd b -
- cur’l R MU L ,ng-ht g mala e loanld i -
oGl el e 1asTER Y ARt A LT L L 4 Hﬂﬁ. R B
yil G A ;?5,????10 B LA © v e

zaktn oo will
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1., Leakage rate

2. Deflection due to internal pressure

3. Stresses due t0 internal pressure

4., Bending test

B, Torsion test

6. Floor-support test

7. General instability

8. Frame test

Since, in the present problem, only the effects of pres-

sure are of interest, a summary of the test of the primary
struocture is given,.

Description of test setup.- The general arrangement as

well as the dimensions of the test epraratus are shewn in
figures B6a and 5b. The essential elements of thls equipment
consist of the following:

1. A full~scale section of the fuselage

2. 4 large reinforced concrete block which serves as a
fixed end to support the test section

3. A rigid steel framework or loading head which was
attached to the free end of the test section

The test section was circular in cross section and was
tapered with & ratio of approkimately 1:10 in the longitudi-
nal direction,  The primary structure was composed of a
248-T alclad framework of channel-section ringes and bent-up,
J-gsection stringers to which e skin of 248-T alclad sheet was
attaohed. The stringers were uniformly spaced at 6° inter-
vals around the periphery of the cylinder, except at the
bottom, in which case 2.5° spacing was employed. The
stringers were of five different sections, only one of which,
the LS=~160, made of 0,032-inch 2458~T alclad sheet, was used
mostly. This section is given in detail in figure 5b. The
rings were spaced at an interval of 18,4 inches. & typilocel
section of the ring ie also shown in the same figure., Two
thicknesses of skin were used, 0,032-inch gsheet on the top
and the bottom, and 0,040~inech sheet on the two sides,
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av-:r 11 The preéessurizetioni-of the-iest sebsldn,was: &ccomplished
with’the compressed air:which was..ied ihto the pylinder:: = C
through-a: . safety ‘valve. located:within theé conerete. support-
.ing structuref:- The. alr was supplied. constantly’ for.balanc~-
ing the leakage of alr through the skin.
q't".'.'lr\ -‘:_1',,,. s R .0 .-..'..a 1§: .
-zt The Baldwin-Southwark-%ype electrical,strain gagesrwefi'
used for.measuring.the stresses. - They wére.mounted,upon’ the
..sutfaces! bf the: members, ih which:the sttekses were' tD be.
maasured, by cementing'them to- these. surfaces.J Jree

- . b h Aer, = ..u*-f.no-l'. R APE AR

FO ' ot
Pressure deflections.- The, slkin deflectibna were.. cOmw-:
posed of two parts, first, the deflection of the center of
%he?panei~réiativeitbwtheuétrlngtrs.‘ahd sebondly, the:de-
fisction: of the-stringer relative to'the frame: - These.do~.
flections were;all.measured by the dlal. geges 8 shown in.
the diasgremmatic sketcHesrin figures 6 and-7..::Thergtranges .
:- and unexpeoeied respilt: in these figures.is that skin between.
the stringers-had an inward deflection, An.explanation for
this may be_.tbhat these. panels -had. a slight curvature in the-
longitudingl. ¢irection.: The- - deflection of. the stringer be-
tween . the frame isg ouitwerd; and 1ls practically directly ... .,
proportional.to the internal pressure. Los L DL el uat

J‘l!

R

Pressure stresses.- The results of the ﬁre;sure s{regé

measurement- have been discussed-previously and are repre-
sented . in the. plets ia figures 2. ani 3.

aiL st e ‘_‘ B T .

RT3 S SRR S S : - SN Yol -
P ._,_.T 887§, OF ?;k}ssuaxzmp cmaﬁr smnucsyun ar LI
N ‘. . e §oae “ ‘::- .: "
e GQNSQLIDATEHNVELTEE AIRORA?E GORPQ@ATION 1; .
o O : tas - .-i utmro ol Do
- . : LR .Dowott g
Gonsolidated Vultee Aircraft Oorporatiou made a~oeria§‘
of tests to measure the stresses.in and fhe deflections,of:
the structure members of a one-half scale "nose-wheel sec-
tion" of the XB-32 fuselage under maximum operating air
pressure. The tests: ocovered two kimds:.of speqimens: the
"floored specimen," which was a cylindrical structure with
flooring and floor bracing inside, and the "control specimen,"
which .wge .g1perfectly -aymmetrigal .eylinder to:.be -used as
control in preliminary testing. Only the tests of the comn-
trol specimen are described here, a8 this specimen is simllar
to the strugture 'which ig_.disgussed in.this ;paper.. -

Lras

2
”
-

1Y
.!a

| & 2

Test setup.-~ As shown in figure 8, the test section was
made with 0,01l6-inch skin riveted to 0.020-inch angle
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strihgers” with: 0, 032#4inch! channél helt frames. - The stringers,
62 in.mumbeér; were-distributed uniformly around the periphery
of" the'cylind%r.- The* belt’ Prames., H:1in hAumber; including:
the 2 énd:bulkhdads, were spaced at ansintervalnof 10. inches.
T T T EY S U RN AL WIRTY S S T
The test specimen was mounted in a boxlike structure
Bteel Jig withithe centeéer line of the spercimen in a vertical
position, The top:bulkhead of the specimen:wans. held.in a.:
fixed 'lateral position by’ meanrs of bapil~bearing gulde. rollers,
The effect was, that. as the specimen expanded under pressuraj
the top bPulkhead counld breathe vertically but it wag re-
straimeﬁ from 1atera1~motlon. S .r-11~~v . -
e e a H . -3
Stresses.- The stresses of the control spegimen at 6 55

psi measured dy the "Celstraih! gage equipment are gshown. in.
figure 9. ' The averagh ¥alues of indiocated stresses in-the.
memberd &t 6.556 psi compared with the stresses obtained. by..-
simple calculations: (equations (3), (4),:(5), and (6)) follew:
In the Btrimger =- 1300 psi-versus 1355 calculated. in. the
belt framb -~ 2400 psi versus 6660 calculated; longitudinml
skin =:4770 psi:versus BRB0 taleunlated; arnd circumirential
skin sitress - 11200 pei versus~ 8660 calculated. Tre ex-
perimental value of circumferentisal stress was a megrimam:. - .
value instead of an avarage value._

-~Defieetions.~ Starrett deflection gages reading in

1/1000 inch were used:to Mmeasure’ the’ deflection of the. mem-
bers of the specimens under pressure, The belt frames did
not deflect evenly along the periphery, but the average de-
flection of the center belt frame '0f -the control specimen
was 0,018 inch at 6.556 psi. The radial deflections of skin
and stringerg/with reapecé to end bulkheads-at 6,56 psi were
shown in figure 10, The quilting of the skin and stringers
was from 0,006 to 0,020 inch greater than the belt-frame de~
flection. *In'no bas%'was a flattéhing'bf the'skin between
stringers noticed in this areaf ST T €0 s0RN Y

o L R oo A St

BT S .. . 1 U .

ANALYTIGAL SOLUTIONS APPB@Eﬁ TO AGTUAL TEST SEGTIONS

\ .
VR
Y e e 2 b

> r

Y - ol
R e
b 2L ke Ta T

Tt - ;.—_.’c
-

I, Tests of” Pressurized Gabin Structura at. Lockhsed .
Aircraft Corparation. o ! -;u~.
. T . ot . T . e - . et

For simplicity in hnalysis, the fellowing assumptionsv
are made!

e E SEC T TR SIS I SREE SR ..

v

I S T R AR T AL g . B YL, Py 1,
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1. Same type of stringers (LS-160-0,032)

2. Same type of rings o

3. Same skin thickness (0,032 in,) around periphery

4, Same stringer spacing.(5°)

6. Uniform fuselage cross secﬁién _ _
The pressure difference 1s assumed to be B psi throughout
the entire.computations. The important dimensions and fig-
ures are shown in the following list: ° '
= 5 psi
10,300,000 psi

= 0.3

T B 9d
L]

[ = 18,4 in,
t = 0,032 in. . .

r = 65 in,

s = 73

m = 10

A = 00,0617 sq in,
I = 0,0096 in,*

A' = 0,238 sq in.

I' = 0,317 in.*%

The following nondimensional parameters are derived:?
vV = p/E = 5/10,800,000 = 0,485 x 10”©

® = 4n® sI/1* = 4n® x 72 x (0,0096)/(18.4)*

0.748 % 10~°

p = t/r = 0,032/65 = 0,493 x 10~°
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B = A'/tl = 0,238/(0,032) (18.4) = 0,405

8 = r/l = 65/18,4 = B3.563

a = 1/l=pR « 1/0,91 = 1.1

¥ = sA/2nrt = (73) (0,0617)/2n(65) (0,032) = 0.34

For further computation the following values are also
calculated.. .

ofpa + = °-7452&.1°'3/°-493 x 107% x 1.1 = 1,38

¢/pa + 3/2 = 2.88 e

d/pa - 1/2 = 0.88

¢/pa  + 1/2 = 1.88 :
y/a = 0.34/1.1 = 0,309 -
1+ V¥/a = 1.309 R

B/a = 0,406/1.1 = 0,368
B/a+ 3/4 = 1,118

B/la~1/4 = 0,118

l-p8/a = 0,632

B/a+ 1 = 1,368

we = (0.3)% = 0,09

L

%& = (0,485 x 10™°) (85)/(0.493 x 107%) (1.1) = 0,0581

Thé value of K in equation (55)is

(2 88) [(2) (1. 309) (1.118) - O, os]-l 309 - (2)(0 09) (o 118)
(0.5) (0.88) [(0.5) (1.309) - 0.09] ~ (0.25) (0.09)"

K=

= 30,4
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The value of Ay :in‘equetion (80).is.epproximately
equal to -1/K or '

Ag = - 1/30,4 = ~ 0.032-9""'-- PO

It can be seen from equation (60) :that the expansions of the
frames are nearly identical,: ahd- that this-problem can be
reduced to that of pressurized cabin with infinitely many
spans, By using equations (69), (70), and (71), it is found
that - [ L

(0.0881) (1.309 - 0.15) (1.88)

(0.09)(0,632)+ (2,88)[(1.368)(1,309) - 0,09] ~ 1.309
_ O.1285 "¢
3.648
= 0.0347 in. ' ' B S
(0,0581) [(2.88) (l;%éi - o[%) + (3) (0.632) - 0.5]
v = — - —
(8.68) (B3.648)
= 0.00361 in. e T
(o.0581) (0.368) (1,309 -~ 0.15)
w = ' : -
(3.648)
= 0,008683 in. P LT AR

b

A comparison between the strain energy of ezpansion and
of bending of ring 1s shown.

::EBnergy of expansiQn (equation (=8))
t

TA ] ua
r

0.
< X ( 6238) E (0-0347)2

V =

[
w70

1.38 x 10°° B

Ay
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Dnergy of bending (equation (29))

ny I
u

r3

¥V =

X8 X..0, -
= 0 *.0.817 (0,0347) .

Aéés

fotimo1.26 X 1077 @

It is obvious that the energy of bending of ring can be neg-
lected. LR T f

The strains and stresses of the structure are derived
from the values of deformation parameter. .

Longitudinal Strain of Skin (Strain of Stringer)

€, = v/1 = 0,00861/ 18,4 = 0,000196 -

Gircumfereﬁtial Strain of Skin'(Av.) ' .. -

u + w 0, 0418
= = 0,000639
€y . T es 6% e

Strain of Frame

€frame

= & 2 QngiZ = 6.000534
r 65

Longitudinal Stress of Skin .-

N ST

<
X 3 _-ua
0,000196 + (0,3) (0,000639)

10,300, 000
0.91

439b pBi-
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Circumferential Stress of Sg;n‘

37

. IR I
wet T i gt € ot . a
Cgz = z b fx R . o= Sy K - -
1 - p? fToara, R
a3 ) :
P, .
_ o, obosss + (0.8) (0-0?0193) X 15 509, 990
0.91
= 7900 pSi =
Stringer Stress ‘
Ogtringer = €x B

Frame Stresgs

Sframe

The following
results and the cal

0. 000196 x 10 300 000

2020 psi

+ -

€frame 2 _
0.000634 x 10,300,000

5500 psi
is the comparison between the experimental
culated values.

L oo
LI P

Experimental Ressults
e ¢ N | e b . : . -
: N T N )
°frame zébb 0690 i
o, <5800 TINERE . Vvow
v HAPRLE S T T i ar
Fatringer 1400 oreE
vttt i bt :_: 50'= 01374
Oy ,37 :
t ~ . A - T ) LB . Y .
Calculated Results SRR AT ?1* o6
] EEOG TN = s = g
frame 0. 697
Oz 790"0 4 3-"-. <
Ogtringer » @020 [ ' .'4'5"0” .
o T 4390 © ¢

X
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These results are within a reasonable check

I1., Tests of Oontrol Specimen at Gonsolidated—Vultee
Alrcraft Corporation.

A list of the important dimensions and figures for the
control specimen at Consolidated~Vultee Aircraft Corporation
is given,

6.56 psi
= 10,300,000 psi

B o= 0.3

1 =10 ing -

t = 0,016 in. |

r = 28.5 1in,

g = 52
n = 4
A = 0,025 8q in, (see appendix)

0.00102 in.*

-t
L]

A' = 00,0744 gq in.

I' = 0,0176 in,*

The following nondimensional parameters are derived:

<

= p/B = 6,55/10,3 x 10° = 0,685 x 10™°
¢ = 4n3 gIfi* = 4n® 53 (0.00102)/10¢
=-0,659 x 10°°
= t/r = 0,016/28.5 = 0,562 % 10~°
A'/t1 = 0,0744/0,016 X 10 = 0,485 . 9nin,
=r/l = 28,5/10 = 2,85
= 1/1~p® = 1/0,91 = 1,1

2 © » o
"
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¥ = gA/2nrt

For further
calculated,
¢/pa = O, 659 X 107
='l.07

¢/pa + B3/2:=.%.57

¢/pa - 1/2l=‘o.5é
¢/pa + 1/2 = 1,57
VY/a = 0.536/1.1

1 + V/a = 1,488

E/a = 0,465/1,1 =
B/a + 3/a
B/a ~ 1/4

1.173

0.173

1 - B/a = 0,577

- L2

B/a + 1 = 1,423

“‘2

YT _ 0.6835 x 10”
pa

0.0293

T vt

(0.3)2 = 0, 09

39

(52} (0,025)/2n(28,58) (0.016)
0,536

‘computation the following values are also

®/(0.562 x 107° ) (1 i)

s T ¥ T ]

0,488

0,423

x 28.5/0.562 x 10™° x 1,1

5

The vaIue of K in edlatlony (55) is

rasmme 8 e e tan

X (z 57)[(2)@1 488)(1 173) -

0. oeJ - 1,488 - (2)(0 09)(0 173)

= 44

(0.8)(0.587) [(0.5)

AR U -

D T

(1.488) - 0,09] (0,25) (0,09)

.',_(..'

The value of kg rtnfequabion (§0) is approximately

equal to

-1/E or

Ag = - 1/44 = -0,0227
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The value of ¥ 4is from equation (59)

- (0,0293) (1.488 - 0.15) (1.57)
(0,09)(0,877) + (2,57) [(1.423)(1.488) - 0,09] - 1,488

= 0,0163 in.
The expansion of the center belt frame is

u =ﬁ(1 ..?\___32 +7"a-3>' S
_2 .'I."'>\-I2-“‘l

\

(2) (~-0.0227)°
=17 + (0,0827)°

(0.0%63 )(

0,0163 in.

e [}

The expansion of 1ts adjéceatl?iame is
aerLd

AL+ A
3 <} _ 0= ~g€)ﬁ
1+ ARt

sy

(0.0163) (1 + 0,0227)

e
Y]
n

0.016%7 in,.

" ' st

The pargmeters of longitudinal expansion apd radial
quilting of thd.skin DPetwden these two rings are determined
by substituting the values of wu; and up in equationu (80)
and (Bl) .

(2.57 - 0.6)(0.0293) - {0.8) (1. 57)(0‘@13#5+V0“o153)

v =
-.é,x_h_g. (2) (2. 85) [¢i.288) (2:57) u-e obJ © s
e QLO0R99 . dp, - Sy ¢ GnmELr, tE T i T
v = [(2)(1.488) ~ 0.3](0,0293) + (0,09 - 1,488)(0,0167 + 0. 0L63)
Toorasiv Y [(1.48d)(2087) S 00090 ;T

0,00435 in.
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A comparison between the strain energy of eéxpansion and
of bending of ring is shown,

Energy of expansion (equation (25)).

nmA!' B,

VT = u,

-r .
mX 00,0744 x E x (0,0163)3
28.5

2,17 x 10”°

Energy of ‘bending (equation (29)) - P

n B It R e T T T R M
Ve —————qy N B S R R
1'3 n

mx E X 0,0176 (0.0163) o
(28 5)3

3.9 % 10‘ B

It 1s obvious that the energy of bending of ring can be neg-
lected here in the discussion. ... -, et

o a e ——— s .

r ardn

e wtan st e

The strains and stresses are derived from the defurma—
‘tion parameters. . ] _ . "

PSR PR S ol S SRS ..
Longitudinal Strain’ of Skrn'(Strutn“Uf'Stringsr) w

€x = va/l = 0,00199/10 = 0,0001989,

Circumferential Strein of Skin

Y e C y o e
N340 Avers ze ,Najh‘!'g'. . . ._.‘..‘.__.{.‘.-_ SISO LD L R -
(0,0167)+ (0,0163)
———r3
€z = r ' 28.5
= 0,000734

(1111"'112)/2"' Wa + 0.00435

r
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wMaximum Value

(ul + u3>/2 + 2 Wa
r

€

z (max)

0,0167 ; 0.0163 + (2) (0.00435)

28.H

0, 000964

Strain of Frame

€fpgme = Uz/r = 0,0163/28.5 = 0,000572

Lonsitudinal Stress of Skin

€, + B €
x zZ
Oy = 1 - ne B

0,000199 + (0.3) (0.000784) . .4 500.000
» »

0091 et

4750 psi

Circumferential Stresses of Skin

993

Average ' - _ ' '
o, = 0.000734 + (0,3) (0,000199) yx 34 300..000
-2, ' 0.9 1. .. S
= 9000 psi =0t
Maximum et P
0,000954 + (0,3) (0,000199)
%z (max)*™ 0.9:'[:.‘..,.‘.-.:,-... ) X 10,300,000

= 10,800 pei .u ;.2

.
D Y - - - o -~ -
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Stringer Stress . s .
Tgtringer = 0+000199:x 10,300,000
= 2050 psi
Frame Stress . S

0.000572 x 10,300,000

Tomy
3
|

S B

Fframe. T,

*UY 2 5290 pst
A comparison 5etwaen the results deterqined from experi-
ment, from empirical Fformulas (equations (3), (4), (5), and
(6) and from the mathemafical snalysis is apowf in the fol-
lowing table. S .

N R L o cind 0 d
M T :.":r - ‘I‘A.IBI.E I "'f-;:;-' T
. Co. i R A - S
COMPARISON OF STRESSES IH PRESSURIZED GEBIN STRUGTU%E‘
I E R 2 3
- > ".' e AR ras wn T i..-l A
- Lo L] From.1 . FrOmJEsf'r;' Eron FTRYY
L & N experiment |.empirical- mathematicqﬂ
LRV S A F formule . analysis-
oo ot o tpsi) o (psidy . (pai)
D RS FAT R KA " R . . 'f.:
G o tra ] oenn o Legt sz o) e R I
Longitudinal .Figz.m:iz'51 wxeip ! - TR FE $%n
stress. Ster 11 BP9 ). 5,280 . N L
Gircumferential'aﬁiﬁ ' ' I , :‘ga,?'i
stress (av.) = |==ce-cecea- 8,560 g, 000 "
- O RS S idelusice u
Circumferential skin | . .~ .. |, .. TN P g \
stress (mex.) = |, 11,200 .--.--.-g-.,-:-.j-:‘__ . . . ;rl_oj.?;(z:eq,&;,,
R : : RPN N
Stringer stress o, 1,300 WJL.SBS ‘: £+ 050 " .
Frame stress 1 4,406- 1 "6,660 S "”’ﬁiéb'
L e L, L L .
oL . P ) LY Y ’
oo, i

The, expansion,of thp genter’ bslt frame, is calculated to
be 0,0163 inch as. pompqred.with the. experimental valqe o, 018
inch (a?.)-, RIS O -

Y . PIRE 30 Y T S I PR . DA e =

- =

'I'I
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DISCUSSION OF RESULTS AND SUGGESTIONS ... ,.. .

et a .

. FOR .PURTHER DEVELOPMENT

Fres

-

From the oomparisons between'tne-experimental results
and the mathematical solutions, the following facts oan be
noticed: . -

l, The calculsteﬁ values}ﬁuskin stresses. &nd frame
stresse all give a satisfactory check.

. 2+ The calculated values of stringer stresses slways
: exoeed the experimental values.
3. The caloulated frame defléction checks very We11:
with the values determined from experiment.

One of the reasons for the deviations of the mathemat-~
ical solutions from the experimental values is, of course,
due to the approximation of the assumption in the energy

method, In the assumed function of the deflectlon" ourve.
only the first term-of the Fourier series has been used,
However, by notiecing that in the result, only the solution
of the stringer stress has large deviation from the experie
mental value, 1t sdems that there may be something wrong in
the: assumption, The assumption that the skin expands uni-
formly along the periphery, does not agree with eibher of
the two tests described here, In the test at Lockheesd Alr-
craft Oorporation. the skin between stringeprs had an inward
deflection. In thé test at Oonsolidated-Vultee Corporation
the skin between the stringers deflects more as shown in
figure 10, - o -

In calculating the energy of bending of stringers only
the. moment of inertia of the stringer: was considered, How-
ever, for a’ structure of eircular shell with longitudinal
stiffeners. there 1g = redistribution of stresses between
gekin and stiffeners. A betteriresult might be expected if
an effective fleXural rigidity (BI) were introduoed. \

+-—~~.One. more regson. for the deviations between the calou-
lated and tested results lies on the deviation-of test speoi-
men from the, ideal structure. The nonuniform stress or de-
fleotion distribution cleariy ehows the unsymmetry in oon-
truotion.‘ The fixity between ekin and frames' depends wvery
much on the workmanship during the assembly of.‘the teet
specimen.,
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It might be. suggested-that furtherTexperimental investi-
'gations te made to verify the dsformation of the structure '
and to develop an empirical formula for' the effective XI
,.of ths skin and. stiffener combination,,

+ .
S S, .

Further developments dealing with" $he’ pressurized cabin
structure would be the analysis of the following types of
structures. . )

1, Fuselage with nonuniform cross sgct;on -~ elther

tapered or curved’ '

2. Spherical’ or sllipsoi&él heads of the pressure ves-
sel , . e .

3. The connection between the end and the main struc-
tures '

Massachusetts Institute of Technology,
Cambridge; Mass.,, October 165, 1944, : -

APPENDIX

Computation of Section Properties of Test Specimens

.
" e N .,

I. Test Specimens at Lockheed Aircraft Gorporation (Figs.
Sa and: 5b) o . S _

. x""

(1) Area of ring [(o 512 + 2. 648 + o 586 * o 199)

W ' T - -
o ™ 0. 051
tR . "_‘_3 "..a_"(’-’.l_?ﬁ + —7—)] x 0,051

fpse.  x  -.np.= (B.945 .+ 0,707) 0,081 g

\1 4. 652. x '0:0 051

., = 0.238 1n.° -

2 ]

o (2) Moment of inertia of ring.: .The moment Of inertia

is computed approxiuately by assuming straight bends at the '
corners. The position of the neutral axls from the top chord
is equal to

,"J - .. . r...al‘;: . _ .

5 - PO . . . P s .
b - M P B S S T . PR . P
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220 ="1,878, 4n,

rg-fs + o 9375 + 0 VB + 2 812 + 0

i : "b.’-b—.' LA

N A

+ 8,812
s,

s a
{

e,

3
o - & L
_ The moment of inertia 13 ¢ ompu ute d tﬂrough the following
- [tabular arrangementi, .., ... .. ., ol fu om0 e oo

Pavt | Lengen (1) 4 - 12
Toporord <iv - ~0:éd7s] " ¥628° ' 1.82
e e 300 L hTER .08
.L6wer cﬁord- | . 9375 1,30° """ 1,68
Lower leg -~ idve .ffi§33_, :Lﬁg

$1d4° = 3,97

]
[AV]

L d
o,
.m-v

Sy T 1 (Wed)ft = 8% 13

Moment of Inertia 6,22 %X 0,051

= 0,317 in.*

"(3) Section properties of stringer.
R The. following table presents the computation ofithe ares,

the moments of length taken at the base of the cross’'section,
and the distance from the base to the neutral axis,

o T .o oo T I Length
2@;&.,~ Length Arm moment
:Tob'afc - x"a.eossts i0.64 X 0,8287 = 0,593
Web oo s T 8BES X L4688 = . 308
Lower corner % X' 0;141 & %0705 x ,0B614 = . 004
Lower leg 1111 - =
: 7. Total Length's= -1.9285  Total Mom%ét = 0,9046
1zﬁ:i ;:"‘;:2”. :;2*: ﬁ;- ’..jf;.kr L032 e L ’li s

Total Area = 0.0617 in.”?
0.9046

= 0,490 in,
1,9285

Distance from the base to the nsutral axis =
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The following table préseh%s the’ computation of the mo-
ment of inertia of the stringer.

alo e RN

e Pafﬁ S Length (1) 75_;éi. 14°
Top arc ETILC e.647. 4 " .(06.4367)°  o0.122
Web ;6568 v ¢, 0212)® L0083
Lower corner L0705 TTE(lag9)R .014
Lower leg .5625 DAY 40 185
PR TSR L IS S Z.',':id.a = 0,374

I, e 3, .
o (Wbb) o to.e558)°% ; = 024
t 12 .
Io (Arc) = (O 2035) (; - 2 X %) = ,002
.t om _
' ' : I 20,300
t

The moment of inertia = o soo x 0. 032 = 0,0096 4in,*

A summary of the section proPerties of the specimens at
Lockheed Alrcraft Corporation, is ‘gzi¥en. in: the following table.

Stringer area . A 0.238 in.2
Stringer moment of inertia I «317 in.4
Frame area Al .0617 in.?
Frame moment of inertia I .0096 in.%

II, Test Specimen at Consolidated-Vultee Aircraft
Corporation (Fig. 8)

(1) Ring

Area (A') (1.20 + 2 x 0.5625) x 0,032

2.3236 x 0,032

0,0744 in.®
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Moment of’fﬁ%ftih:(iijl

3 toy [ .-: .
[5;22 +:3 x 0.5425 x‘Cd:s)a] x 0,032

1z o
= 0,082 (0,144 + 0,405)
= 0,032 x 0,549

*0.0176 in,

(2) Stringer
area (A) = 2 x % X 0,020 = 0,026 in.=
Neutral’ axis position ~¥75/32 from top leg

Moment of Inertia (1) .. = iﬂwgi

[ ( x 2+ @ xfg]xo.ozo

.-=-(0,0306 +.0,0203) x'0,020 B
... =0, osoa x 0.020 . :f{fj o : _'”f:"??l
? = O, 00102 in. - .“ _ go ol
e .
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FPigure 3.~ lLongitudinal stresses due to pressure, Lookheed Nodel 49 test section.
Ratio of skin area/stiffener area = 2.08; skin thickness = .032 and .040%
radius of cuxvwture = 66 in.
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Megure 3.~ Ciroumferential citresses due to pressure, Lookheed Model 49 test section.
gar Ratio otr?hn area/frame area = gfaa. '
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Figure 8.~ Bkin defleotion relative to stiffener against pressure, Lookheed Model 49
test section. Stiffener spacing = € in.; frame spaolng = 18.4 in.; radius of
curvature = 88 in.
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